Abstract. In a paper by R. Durán, A. Lombardi, and the authors (2007) the finite element method was applied to a non-homogeneous Neumann problem on a cuspidal domain Ω ⊂ R 2 , and quasi-optimal order error estimates in the energy norm were obtained for certain graded meshes. In this paper, we study the error in the L 2 norm obtaining similar results by using graded meshes of the type considered in that paper. Since many classical results in the theory Sobolev spaces do not apply to the domain under consideration, our estimates require a particular duality treatment working on appropriate weighted spaces.
Introduction
The finite element method has been widely studied in several contexts involving different kinds of differential equations; however, the domains under consideration are in general polygons or smooth domains. In the recent paper [2] , the piecewise linear finite element method was applied to a non-homogeneous Poisson problem in a domain with an external cusp. Despite its simplicity, this problem provides an interesting starting point for the finite element analysis of more general equations in non-Lipschitz domains. These kinds of problems have interesting applications in fluid mechanics. For instance, the motion of rigid bodies immersed in a fluid can lead to the presence of cusps as a result of collisions between bodies or between a body and the boundary [18, 22] .
An interesting feature related with problems in this kind of domain is that even regular solutions may require some type of mesh adaptivity. Indeed, as it was proved in [1] , the solution of the proposed problem belongs to H 2 and, despite of this fact, uniform meshes show a poor convergence rate. The reason for this behavior is related to the fact that, in this context, classical extension theorems do not apply [20, 23] . A solution for this drawback was also given in [2] and (quasi) optimal convergence order error in the energy norm was recovered by using appropriate mesh adaptivity. Let us notice that, for problems in polygonal domains with solutions having corner-like singularities, the use of graded meshes has been widely studied (see [8, 11, 12, 15] and the references therein) and optimal or quasioptimal convergence rates for numerical approximations are usually obtained by using arguments based on weighted Sobolev spaces.
In this paper we continue the analysis of the finite element method for the same problem considered in [2] , focusing on L 2 convergence results. These estimates require a particular treatment, making it necessary to take into account the regularity of the extended functions outside the non-Lipschitz domain under consideration. We introduce two different kinds of auxiliary problems: one in the original domain Ω, and the other in the discrete domain Ω h . The first one leads us to standard estimates of the error in Ω, and the second one to estimates of the error between a certain extension of the original solution and the discrete solution in Ω h . The latter case is more general than the former, however, it is also much more technical and relies on certain extra assumptions. In both cases quasi-optimal order of convergence with respect to the number of nodes is obtained by using appropriate graded meshes of the type considered in [2] . We present some numerical examples supporting this analytical result, and in particular we show that uniform meshes lead to poor L 2 convergence order (similar conclusions for the H 1 norm were obtained in [2] ).
Let Ω ⊂ where ν denotes the outside normal. We will work along this paper with g = 0. This assumption partially simplifies the treatment of the error and can be justified by recalling that H 2 regularity results for (1.1) rely on the smoothness of g and its fast decay to zero, i.e., g ∼ 0 near the tip of the cusp [1] . Let V = {v ∈ H 1 (Ω) : v| Γ 2 = 0}. Then, the variational formulation of our model problem (1.1) is given by: find u ∈ V such that a(u, v) = L(v) ∀v ∈ V, (1.2) where a(u, v) = Ω ∇u · ∇v and L(v) = Ω fv. It is known that this problem has a unique solution in H 2 (Ω) and that there exists a constant C such that (see [1, 15, 19] ) The natural way to approximate the solution of (1.2) is to replace Ω by a polygonal domain Ω h and then use the standard finite element method. We will construct Ω h in such a way that Ω ⊂ Ω h and the nodes of Γ h , the boundary of Ω h , are on Γ.
Let {T h } be a family of triangulations of Ω h verifying the maximum angle condition. We can associate to {T h } the finite element space V h = {v ∈ H 1 (Ω h ) : v| Γ 2 = 0 and v| T ∈ P 1 ∀T ∈ T h }, where P 1 denotes the space of linear polynomials. Then, the finite element approximation problem of (1.2) is: find u h ∈ V h such that
where a h (u, v) = Ω h ∇u · ∇v and L h (v) = Ω h fv. Observe that the discrete problem corresponds to a boundary problem on Ω h .
Since the solution of problem (1.1) depends on the values of f in Ω only, it seems natural to assume that f vanishes outside Ω, in which case we have L h (v) = Ω fv, and so (1.4) agrees with the discrete problem from [2] . In this paper we also consider the case in which this assumption is dropped and obtain more general error estimates for finite element approximations. This approach introduces an extra difficulty that was not addressed in [2] ; however, it provides more information in different scenarios. Indeed, the contribution of terms such as Ω h \Ωf v h , withf being a certain approximation of f defined on Ω h , can be useful to evaluate the effect of numerical integration (see, for example, [24] ). Moreover, since Ω = Ω h , the standard theory for eigenvalue approximations [9] does not apply straightforwardly. In fact, the study of convergence for this problems leads to problems such as (1.4) with f not necessarily equal to zero outside Ω [17, 24] . On the other hand, the study of the error between a certain extension of the solution u and u h , analyzed in Section 5, is also of interest in the context of eigenvalue approximations [17, 24] .
Let us mention that, even when Ω is not regular enough, certain extension operators can be constructed. More precisely, the solution of (1.2) can be extended to a function in a weighted Sobolev space, with the weight being a power of the distance to the cuspidal point (see [2, 20] ). In fact, there exists a function
, where the weighted Sobolev space H 2 α is defined, for any domain D ⊂ R 2 , as follows:
with r = x 2 + y 2 , and
This extension result will be useful to bound the approximation error in L 2 . The rest of the paper is organized as follows. In Section 2 we present some results involving the graded meshes that we will use in the remainder of the paper. In Section 3 we obtain L 2 error estimates in Ω when f ≡ 0 outside Ω. Section 4 is devoted to obtaining H 1 and L 2 error estimates when f is not necessarily equal to zero outside Ω in the discrete variational formulation. In Section 5 we introduce and analyze an auxiliary problem on Ω h , which is the main tool to obtain L 2 error estimates in Ω h between u h and a certain extension of u. Finally, in Section 6 we explain how the graded meshes can be constructed, and we present numerical approximations in which the error behaves according to our analytical results.
Graded meshes
We will assume that the family of meshes {T h } satisfies the same properties as those considered in [2] . More precisely, we take 1 < α < 3 and define γ = (α − 1)/2. Let T h be a triangulation of Ω h , where Ω h is an approximate polygon of Ω with all its vertices belonging to Γ, and let h > 0 be a parameter that goes to 0. If for each T ∈ T h we denote by h T its diameter and by θ T its maximum angle, we assume that there exist positive constants σ and θ M < π, independent of h, such that
We denote by Γ j 3,h , 1 ≤ j ≤ n, the edges on the boundary of Ω h , by P j−1 = (x j−1 , x α j−1 ) and P j = (x j , x α j ) their endpoints with x 0 = 0 and x n = 1, and by Γ j 3 the part on Γ 3 with the same endpoints (see Figure 2) . By Ω j h we denote the region bounded by Γ j 3 and Γ j 3,h . In addition to the assumptions (1), (2) and (3) we will need for our error analysis the following hypothesis on the meshes: (Ha) For 1 ≤ j ≤ n the region Ω j h is strictly contained in only one triangle denoted by T j . We denote the diameter of T j by h j . License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
Let us also notice that, for 2 ≤ j ≤ n,
where C can be taken independent of h. Indeed, from (Ha) we have x j − x j−1 ≤ C|Γ j 3,h | for some constant depending only on α. Then x j − x j−1 ≤ Ch j , and hence from assumption (3) we get
Therefore, we have proved the following useful result.
with C depending only on α and σ. Remark 2.1. We will show in Section 6 that meshes verifying conditions (1), (2), (3) and (Ha) can indeed be constructed.
We will assume that our family of triangulations satisfies conditions (1), (2), (3), and hypothesis (Ha). The following result is obtained in the proof of Lemma 4.1 in [2] ; we reproduce it here as a separate result for the sake of completeness. Proof.
(2.7)
Let us estimate each term on the right hand side of (2.7). Since
we have
Hence, using now that h 1 ≤ σ h 1 1−γ and βq < 1, we obtain
and, therefore,
On the other hand, we have
but, by using the well known error formula for the trapezoidal rule, we obtain
, where in the case when α > 2 we have used
where we have used again that x j ≤ Cx j−1 . But the last integral is finite because βq < 2γ.
We will also need bounds for the measure of the set Ω h \ Ω in terms of the parameter h.
Lemma 2.3. It holds that
Proof. It follows by using similar arguments as those in the proof of Lemma 2.2, or as a corollary, taking into account that 1 ≤ x −2βq , where β and q are as in the previous lemma.
In order to obtain L 2 error estimates in the polygonal domains Ω h we will need a careful estimate for the inner angles of Ω h . This computation is carried out in the following lemma.
Lemma 2.4.
Let ω h be the maximum inner angle of Ω h . Then:
where C is independent of α and h.
Proof. Assume first that j ≥ 2 (the case j = 1 is treated below). If we denote by ω h,j the inner angle between Γ j 3,h and Γ j+1 3,h , we obviously have
, and using the fact that the function arctan(αt α−1 ) is increasing, we get
. By the mean value theorem and Lemma 2.1,
where in the last inequality we have used condition (3). Now, if α ≥ 2, the result follows immediately. For the case α < 2 we use the fact that x j ≥ x 1 and that, by condition (2),
obtaining the desired result.
Let us now focus on the case j = 1. In this case (2.8) takes the form
and the result now follows as in the case j ≥ 2 using (2.9).
In Theorem 2.4 from [5, page 63] T. Apel obtained interpolation error estimates for functions in weighted Sobolev spaces on tetrahedral elements under the maximum angle condition. However, we were unable to find analogous results for the two dimensional case. The reason for this seems to be that corner singularities, which lead to the kind of spaces considered in this work, do not require anisotropic elements in the case of polygonal domains (see, for instance, [15] ). In our case, the external cusp enforces the occurrence of flat elements, and, hence, we need to 
where is a side ofT , then there exists a positive constant C, depending only on s andT , such that
Proof. We observe that for any 0 ≤ s < 1, there exists p > 1 such that
by applying Hölder's inequality with exponent 2 p and its dual exponent 2 2−p we obtain (2.10) for any p such that p < 2 s+1 . On the other hand, it is easy to see by standard compactness arguments (see Lemma 2.2 in [3] for the case p = 2) that functions with zero average on one side ofT verify
with C depending only on p andT . Therefore,
. Indeed, the first inequality follows by the classical embedding theorem, while the second and third inequalities are consequences of (2.11) and (2.10) with v = ∇w.
Theorem 2.1. Let T be a triangle with a maximum interior angle θ T , and let v m be the vertex corresponding to the minimum interior angle of T . We denote by
Then, there exists a positive constant C, depending only on θ T , such that
where Πv ∈ V h denotes the piecewise linear Lagrange interpolation of v.
Proof. It is clear that it is enough to show (2.12) and (2.13) for a triangle obtained from T after a rigid movement. Hence, we can assume that T is a triangle with v m = (0, 0) and with remaining vertices of the form
Let us introduce a further linear transformation L given by the matrix A = 1
It is clear that L transforms the right triangle T R with vertices (0, 0), (h 1 , 0), (h 1 , h 2 ) into T . From (2.14), it is easy to see that
and, as a consequence, A ≤ C and A −1 ≤ C. Since in both triangles T and T R the minimum angle is placed at the origin, the inequalities (
and the norm of L(x, y). Therefore, changing variables, we have that it is enough to prove (2.12) and (2.13) for T R with h 1 ≥ h 2 . On the other hand, in T R it is clear that d v m = (x, y) ∼ x, and so in order to show that (2.12) holds it is enough to prove that
We prove the previous inequality for
; the other derivative can be treated in the same way. Taking w =
∂(v−Πv) ∂x
we have that 1 w = 0, with 1 being the side joining the vertices (0, 0) and (h 1 , 0). Changing variables to the reference element defined in Lemma 2.5 we get, takingL(x,ŷ) = (xh 1 ,ŷh 2 ), that the function w = w •L has zero average on the side ofT joining the vertices (0, 0) and (1, 0). Then, by Lemma 2.5 applied toŵ we get
, and changing variables back to the original T R
, and (2.15) follows. As is usual when considering anisotropic elements, inequality (2.13) is easier to prove than (2.12), since its left hand side does not involve derivatives. The estimate forT ,
follows by using embedding results and standard Lagrange interpolation error estimates in L p together with (2.10). In fact,
Now, (2.13) follows on T R from (2.16) by using the change of variablesL(x,ŷ) = (xh 1 ,ŷh 2 ) and taking into account that Πv = Πv •L.
We define a fixed (i.e., independent of h) domain T U , which contains our discrete domain Ω h , in the following way: Although T U agrees withT , we use a different notation for both triangles for the sake of clarity, sinceT plays the standard role of the reference element in interpolation error estimates and T U is the domain where the extension u E of u will be studied. Lemma 2.6. If 1 < α < 3, there exists a constant C, which depends only on α,
. Proof. The proof follows by using (2.10), with s = α−1 2 < 1, for u E and its derivatives.
Remark 2.2. Conditions (1), (2) and (Ha), together with the fact that α > 1, imply that there exists only one triangle T in the mesh such that (0, 0) ∈ T . Moreover, its vertices are necessarily of the form (0, 0), (0, h 1 ), and (x 1 , x α 1 ). Furthermore, if h T → 0, the angle θ 0 placed at (0, 0) tends to zero since
→ 0, and, hence, condition (1) implies that for h T small enough θ 0 is in fact the minimum interior angle. Now we can prove the following "global" version of the interpolation error estimates, Theorem 2.2. There exists a constant C depending only on θ M , σ and α such that
We will only sketch the proof because it is standard (see [15] ). For (2.18) we write
We observe that, in view of Remark 2.2, the triangle T 1 defined in (Ha) is the unique triangle which contains (0, 0). The first term can be bounded by using condition (1), Theorem 2.1 with s = α−1 2 < 1 (recall that α < 3), and noticing that Lemma 2.6 gives the necessary regularity for u E (use embedding results on T U ). Finally, condition (2) allows us to replace h T 1 by h. The second term can be handled using error estimates for Lagrange interpolation for classical unweighted Sobolev spaces under the maximal angle condition (see, for example, [6] ), together with condition (3). Indeed, since (0, 0) is not in T , we have
. The estimate (2.19) is handled in the same way.
We finish this section by recalling the following estimate that will be useful later on.
Lemma 2.7. If 1 < α < 3, then there exists a constant C, which depends only on
In this section we obtain error estimates in L 2 (Ω) of quasi-optimal order (i.e., optimal up to a logarithmic factor) with respect to the number of nodes using appropriate graded meshes, when f vanishes outside Ω.
The following error estimate in H 1 (Ω) for the finite element approximation of the Poisson problem (1.2) with f ≡ 0 outside Ω was obtained in [2] . Theorem 3.1. Let u be the solution of (1.2) and u h ∈ V h be the solution of (1.4) . (1), (2), (3) and (Ha), then there exists a constant C depending only on α, θ M and σ such that
If the family of meshes satisfies
Our next goal is to obtain error estimates in the L 2 norm. In order to use the Aubin-Nitsche duality arguments we introduce the following auxiliary problem: Let Φ ∈ H 1 (Ω) be the solution of (3.20)
where ν denotes the outside normal. Applying the a priori estimate (1.3) to Φ, we have that Φ ∈ H 2 (Ω) and that there exists a constant C such that
Moreover, solutions of (3.20) can be extended to R 2 . Indeed, the analogue of (1.5) applied to Φ shows that there exists a function
. On the other hand, applying Lemma 2.6 to Φ E , we get
Let u be the solution of (1.2) and u h be the solution of (1.4) .
Proof. Let e = u − u h and Φ be the solution of (3.20) . We have that 
. Then, the first term of (3.25) can be bounded by means of Theorem 3.1 and (3.21). Indeed,
For the second term in (3.25) we have that (3.27)
The first term can be bounded using Theorem 3.1 by
while the second term can be bounded using Lemma 2.7 and (1.3) by
Therefore, from (3.27) we get
and using (3.26), Lemma 2.7 applied to Φ E , and (3.21), we obtain
and the theorem follows.
Remark 3.1. Whether or not the logarithmic factor log h in Theorem 3.1 and Theorem 3.2 can be removed is an open problem, and it is not easy to obtain information about either possibility from numerical experiments.
Error estimates in the case in which f
In general, the contribution of the terms such as Ω h \Ωf v h , withf being a certain approximation of f defined on Ω h , may be useful in order to evaluate the effect of numerical integration. On the other hand, in eigenvalue approximations the usual approach (see [9] ) is based on the convergence of appropriate operators T h to the limit operator T , with T being the inverse of the Laplacian. Since Ω h = Ω, the operators T h are mesh dependent and the analysis leads to the study of problems such as (1.4) with f not necessarily equal to zero outside Ω [17] .
In order to analyze the contribution of the consistency term arising from the integral Ω h \Ω fv h in equation (1.4), we will need, in addition to assumptions (1), (2) , (3) and (Ha), the following hypothesis about the mesh:
(Hb) For each triangle T j with vertices P j−1 , P j , and R j , and for h j small enough, the triangleT j with vertices
, and R j (see Figure 3) does Figure 3 Remark 4.1. It can easily be deduced that (Hb) holds for meshes with only regular elements and for domains with smooth boundaries. Meshes for the domains under consideration in this paper involve necessarily anisotropic elements (consider, for instance, any element with a vertex at (0, 0)), and this kind of element may fail to verify condition (Hb). In fact, an easy example is given by taking α = 5 and the triangle T defined by the vertices (0, 0), (h, 0), and (h, h 5 ). In Section 6 we will show that meshes verifying conditions (1), (2), (3),(Ha) and (Hb) can be constructed (we recall that 1 < α < 3).
In what follows we will assume that the family of triangulations under consideration verifies (1), (2), (3), (Ha) and (Hb).
Our first goal is to obtain the H 1 error estimates for the solutions of (1.2) and (1.4). In order to do that we will use the following result (let us recall that Ω h is not uniformly Lipschitz in h):
, and then, using the imbedding result for cusps given in Theorem 5.35 of [4] (with ν = α − 1), we get
α−1 . We now need to show that v h can also be bounded on Ω h \ Ω. More precisely, since v h is a piecewise linear function, we claim that
from which we can easily obtain the desired result. Inequalities such as (4.28) for Lipschitz domains have been obtained in different works (see, for example, [16] ). Let us introduce the notation
All we need is to show that the local estimates
hold with C depending only on α. From (Hb) we have thatT 
for any linear functionv (the constant C depends only onT andT 1 2 ). Changing variables we get
from which (4.29) follows, sinceT j ⊂ M j .
Remark 4.2. Note that, since functions in V h vanish at Γ 2 , the previous lemma implies, together with Poincaré inequality, that
α−1 . Theorem 4.1 below is a generalization of Theorem 3.1 and essentially says that the contribution to the error of the consistency type term due to fact that f ≡ 0 outside Ω is at most Ch
Theorem 4.1. Let u be the solution of (1.2) and u h be the solution of (1.4). If we assume that α < 3 and f ∈ L 2 (R 2 ), then there exists a positive constant C, depending only on α, θ M , and σ, such that
Proof. Since Ω ⊂ Ω h , by Poincaré inequality and (1.3) we observe that it is enough to prove that
but we know from (1.5) and (2.18) that
. Thus, for the first term in (4.32), by Young's inequality, we have
with ε to be chosen below. For the second term of (4.32) we proceed as follows. Let us introduce the notation
.2) and (1.4) we have
From Lemma 2.7 using Young's inequality again we obtain (4.35)
while for the second term in (4.34), if we take
we can write
Again applying Hölder's inequality and Lemma 4.1 to the limit case p = 2
(w h ∈ V h ; see also (4.30)), we get
and by Young's inequality, Lemma 2.3, and replacing q = 2 α+1 α+3 , we obtain 
, and replacing (4.37) in (4.36) we get (C ε may change from line to line)
Finally, taking ε small enough, by (4.32), (4.33) and (4.38) we obtain (4.31), and the theorem follows.
Our next goal is to obtain error estimates in L 2 (Ω).
Theorem 4.2. Let u be the solution of (1.2) and u h be the solution of (1.4).
Proof. Let e = u − u h and Φ be the solution of (3.20). Then 
From (1.2) and (1.4) we get
The first term of (4.39) can be bounded by means of Theorem 4.1, (3.26) and the a priori estimates (3.21). Indeed,
For the second term in (4.39), using Lemma 2.7 and Theorem 4.1 we know that
Then, using (3.26), Lemma 2.7 applied to Φ E , and (3.21), we get
Therefore, we only have to estimate the third term in (4.39):
(4.40)
In this section we obtain L 2 error estimates between the extended function u E and the numerical solution u h in the polygonal domain Ω h . The results given below allow us, in particular, to obtain a precise computation of terms like u h L 2 (Ω h \Ω) which, for example, provides an optimal bound for the error between u L 2 (Ω) and u h L 2 (Ω h ) . On the other hand, estimates for the error between u E and u h are useful in the analysis of the error of eigenvalue problems [17] .
The approach follows the lines of the previous sections, however, several extra complications arise since the dual problem is posed over the polygonal domain Ω h . The main result of this section is Theorem 5.1, which is more general than Theorem 4.2. However, we want to remark that Theorem 5.1 relies on Assumption 1 below, which is not necessary for the estimates in L 2 (Ω) obtained in the previous sections. We recall that error estimates between the extended function u E and the numerical solution u h in the H 1 (Ω h ) norm have been obtained in Theorem 4.1. We want to use duality arguments similar to those in the previous section. For this reason we introduce the following auxiliary problem closely related to (3.20) :
For any h let Φ h ∈ H 1 (Ω h ) be the solution of
where ν denotes the outside normal. 
The following a priori estimates also holds:
For (5.45) we refer the reader to [15] , while (5.46) can be found in [7, 10] .
The constants C h in (5.45) and (5.46) may change with the number of vertices of the polygonal domain Ω h (and hence with h). On the other hand, as mentioned in [16] , the classical proof for (5.45) provides very poor control of the constant C h (see Remark 4.3.2.6 in [15] ). However, in [16] it is also mentioned that for Lipschitz domains Ω with piecewise C 2 boundary, the uniform boundedness of C h with respect to h is a plausible hypothesis for reasonable triangulations, since the constants C h could be bounded [16, page 141] via a boundary integral formulation. As far as we know, there is not an explicit proof of this fact in the literature, even for regular domains Ω.
Although our domain Ω is not Lipschitz, it has a C 2 piecewise boundary and, in view of (1.3), the a priori estimate for Ω, we consider the following assumption also plausible: In order to obtain L 2 error estimates using the auxiliary problem (5.41), we will need some embedding results in Ω h for the solution Φ h . Since Ω h is not uniformly Lipschitz in h (in fact, Ω h → Ω, and Ω is not a Lipschitz domain), the classical embedding theorems for Lipschitz domains do not apply, neither do the general results for cusps given in [20] ; since Φ h belongs to a weighted Sobolev space. As a consequence, we will extend Φ h to some fixed Lipschitz domain in a certain weighted Sobolev space (we recall that the extension results given in [20] do not apply in our case), and then we will get proper embedding results. Therefore, we will follow the approach given in Lemma 3.1 of [2] .
Assumption 1. Our family of triangulations {T h } is such that the constants
We first extend Φ h from Ω h to the following domain D h (see Figure 4) : the extension belongs to the space
where A(h) = 6γ h , r = x 2 + y 2 and
In the next lemma we find equivalent expressions for the distances involved in the weights.
Lemma 5.1. Let us denote by
with C depending only on α.
What is more, a similar discrete version of this property holds. Indeed, for any sequence
On the other hand, denoting by P * ∈ Γ 3 , P * = (x * , x α * ) the point for which d Γ 3 (x, η) = P * − (x, η) , and by L the line joining the point P * with (x,
, and let us also consider the triangle given by the points Q * , (x, η) and (x, x α ). This triangle has a right angle at Q * , and the angle θ placed at (x, x α ) is clearly bounded by below by some fixed θ 0 > 0 depending only on α. Now (5.48) follows because of the following inequalities:
Let us now consider (5.49). A direct calculation shows that the function h :
2 , decreases before its global minimum and increases after that. Indeed, if x * verifies h (x * ) = 0, with
, we consider the index l such that P * ∈ Ω l . If l = j, then min j−1≤i≤j {r i (x, η)} = min 1≤i≤N {r i (x, η)} (since h is increasing for t > x * and decreasing if t < x * ). If l = j, then, without loss of generality, we may assume l < j, and we write
where we have used the fact that x ≥ x l , the point (x, x α ) ∈ Γ 3 , h is increasing in the range [x l , x], and (5.48). Now, (5.49) follows from the fact that
Remark 5.1. It is easy to see that for (x, η) ∈ Ω h ⊂ D h , ρ =r, wherer and ρ are defined in (5.43) and (5.47), respectively.
We are now ready to extend Φ h to D h .
Lemma 5.2. Given
where A(h) = 6γ h and, in particular,
Proof. The proof follows the ideas given in Lemma 3.1 of [2] . We extend v by reflection in the following way. For any (x, y) ∈ D h with y ≤ 0, let us define Figure 4) , and therefore, calling
We notice that for (x, y) ∈ T L we have r = x 2 + y 2 ∼ x, and, therefore, we can replace the weight r α−1+A(h) by x α−1+A(h) in our estimates. Now, it is clear that
where
for any j).
Changing variables, and taking into account that α < 3, we get for j > 1
using the mean value theorem, Lemma 2.1, the fact that x, x j ≤ 1, and 1 < α, we obtain for j > 1
and, hence,
Using the fact that A(h) = 6γ h and Lemma 5.1 we get
Similarly, for j = 1 we have that
As a consequence,
Let us notice that, for (x, η) ∈ Ω 1 , it is clear that r 1 (x, η) = ρ(x, η); then
From the previous inequality, (5.50) and (5.53), we have
Bounds for the first and second derivatives ofṽ follow similarly using the same ideas given in Lemma 3.1 of [2] and the estimates given above. Therefore, we have
On the other hand, using that ∂v ∂ν = 0 on Γ 1 , it is easy to see thatṽ ∈ H 
Remark 5.2. The extension result given in (5.55) agrees with (1.5), in the sense that when h goes to zero, γ h → 0, A(h) → 0, and Ω h → Ω . We emphasize the fact that this sort of extension cannot be obtained in a direct way from the results given in [20] due to the weights involved in the space of functions.
In what follows we will make use of Φ 
Lemma 5.4. Let Φ h be the solution of (5.41) and Φ E h be the extension defined in Lemma 5.3. For h small enough we have:
with a constant C independent of h.
with a constant C independent of h. 
d s < C for any s < 1 (see for instance [15] ), we get that
As a consequence, we have proved that for any function v and 1 ≤ p < 
, we can write for fixed ,
and the last integral in the previous inequality is finite, taking for instance (5.62) 4γ h < and using (5.61). On the other hand,
In fact, from (5.56), and embedding results for the planar Lipschitz domain 
A straightforward computation shows that the condition for the last integral to be finite is
.
which is possible since β > α−1 2 ; (2) follows. The proof of (3) is now direct using the imbedding L In fact,
for s = 2 − , with verifying (5.62).
Lemma 5.5. Let Φ h be the solution of (5.41). Then there exists a constant C such that
Proof. 
and, therefore, from (3) in Lemma 5.4 we obtain (5.64)
From Lemma 2.2 we get (observe that the constant given in that lemma remains bounded when q → 1, and in the present context q = 2− 2−2 , while will be chosen such that → 0 when h → 0) (5.65)
and, since
Let us now take = − 1 log(h) . It is clear that for h small enough, verifies > 4γ h for any choice of γ h in (5.44). Taking into account that 1
|Ω h \ Ω|, and the proof concludes using Lemma 5.3 and Lemma 2.3. Now we are ready to obtain error bounds in the L 2 norm. Mainly due to Lemma 5.5, it will not be possible (at least with the present approach; see Remark 3.1) to improve the logarithmic factor log h in the estimates. Theorem 5.1. Let u be the solution of (1.2) and u h be the solution of (1.4).
Proof. Let e = u E − u h and Φ h be the solution of (5.41). We have that (5.68)
From (1.2) and (1.4) we get
Hence,
From standard estimates for the Lagrange interpolation using finite triangular elements verifying the maximal angle condition, and (5.67), we get
Therefore, the first term of (5.69) can be bounded using Theorem 4.1. Indeed,
For the second term in (5.69), using the estimates given in Lemma 2.7 and (1.3), we know that
Using (5.70), Lemma 5.5, and Assumption 1 for (5.45), we get (5.72)
Therefore, we only have to estimate the third term in (5.69), (5.73)
and then, (5.45) with Assumption 1 and (5.67) give
Now, for the second term in (5.73), by using Lemma 5.5 we have (5.74)
So, from (5.69), (5.71), (5.72) and (5.74) we get the estimate of the theorem, taking into account that the term arising from (5.71),
is bounded, up to a multiplicative constant, by the term
given in (5.74).
Numerical examples
Now we show that meshes verifying hypotheses (1)- (3) and (Ha)-(Hb) can be constructed by the same method given in [2] .
(1) Introduce the partition of the interval (0, 1) given by We observe that is clear that the meshes constructed in this way satisfy hypotheses (1), (2) , (3) , which is positive for 1 < α < 3.
Similar arguments can be used for the rest of the triangles T j , 2 ≤ j ≤ n.
If N is the number of nodes in the partition T h , it can be proved that h 2 ∼ 1/N [15, page 393], [21] . Therefore, if f is assumed to be zero outside Ω, we have the following error estimate in terms of the number of nodes:
Observe that this estimate is quasi-optimal. Indeed, up to the logarithmic factor, the order with respect to the number of nodes is the same as that obtained for a smooth problem using quasi-uniform meshes.
We end this section by considering the same example presented in [2] . Here, we compare the L 2 order obtained by using uniform and graded meshes. Let us notice that we take a non-homogeneous Neumann condition, for which we know the analytical solution, and hence, the exact error. However, similar results are obtained for the same source term f taking g = 0 and by computing an estimated order of convergence from successive refinements. and an easy calculation shows that u ∈ H 2 (Ω) whenever s > 3−α 2 . We solve this using quasi-uniform meshes and graded meshes. Table 1 and Table  2 show the order of the error in the L 2 norm, in terms of the number of nodes and in terms of the mesh size for both kinds of meshes. Although the solution is in H 2 (Ω), for all the values of s considered, the order of convergence is not optimal when quasiuniform meshes are used. On the other hand, the optimal order of convergence is recovered by using appropriate graded meshes according to our theoretical results. 
